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In an earlier paper �Nichol et al., Phys. Rev. E, 70, 056307 �2004�� some of the present authors presented
the results of an experimental study of the dynamics of a stretched grid driven into vibration at or near its
resonant frequency in isotopically pure superfluid 4He over a range of pressures at a very low temperature,
where the density of normal fluid is negligible. In this paper we present the results of a similar study, based on
a different grid, but now including the temperature range where the normal fluid density is no longer insig-
nificant. The new grid is very similar to the old one except for a small difference in the character of its surface
roughness. In many respects the results at low temperature are similar to those for the old grid. At low
amplitudes the results are somewhat history dependent, but in essence there is no damping greater than that in
vacuo. At a critical amplitude corresponding to a velocity of about 50 mm s−1 there is a sudden and large
increase in damping, which can be attributed to the generation of new vortex lines. Strange shifts in the
resonant frequency at intermediate amplitudes observed with the old grid are no longer seen, however they
must therefore have been associated with the different surface roughness, or perhaps were due simply to some
artifact of the old grid, the details of which we are currently unable to determine. With the new grid we have
studied both the damping at low amplitudes due to excitations of the normal fluid, and the dependence of the
supercritical damping on temperature. We present evidence that in helium at low amplitudes there may be some
enhancement in the effective mass of the grid in addition to that associated with potential flow of the helium.
In some circumstances small satellite resonances are seen near the main fundamental grid resonance, which are
attributed to coupling to some other oscillatory system within the experimental cell.
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I. INTRODUCTION

The study of turbulence in classical fluids has long pro-
vided us with many unsolved problems, which continue to
attract researchers from a wide range of backgrounds, in en-
gineering, mathematics, and physics. The study of turbulence
in superfluid 4He has also been active for many years, and
studies of turbulence in other superfluids, formed in liquid
3He or Bose-condensed atomic gases, have recently attracted
much interest. Because superfluid turbulence can be strongly
influenced by two-fluid behavior and by quantum restrictions
in the flow of the superfluid component, it is often described
as quantum turbulence. The quantum restrictions require that
rotational motion be confined to quantized vortex lines, so
that turbulence in the superfluid component takes the form of
a more or less random tangle of these vortex lines �1,2�.

Most of the many experimental investigations of turbu-
lence in superfluid 4He have been confined to temperatures
above 1 K, where the inviscid superfluid component is ac-
companied by a significant fraction of viscous normal fluid.
Although seemingly this two-fluid mixture might be thought
to lead to rather complicated turbulent behavior, in practice it
turns out in appropriate cases to be rather simple and similar
to that found in classical fluids �3–5�. Nevertheless, it has

been clear that it would be of particular interest to study what
must be a rather pure form of quantum turbulence: in a su-
perfluid at temperatures low enough that there is no signifi-
cant fraction of normal fluid. Unfortunately, such low tem-
perature studies are technically difficult, partly because
useful forms of mechanically driven flow at these tempera-
tures are difficult to generate without excessive heating, and
partly because second sound, which provides a powerful
technique for the study of quantum turbulence at higher tem-
peratures, ceases to be useful. Although efforts are in
progress to build an acceptable mechanism for the generation
of turbulence by a steadily moving grid at very low tempera-
tures, the results of generating quantum turbulence at very
low temperatures by other, simpler, methods have also been
explored. These methods rely on the use of oscillating struc-
tures: in particular an oscillating levitated sphere in 4He
�6–9�; a vibrating wire in either 4He or 3He �10–14�; or a
vibrating grid in either 4He or 3He �15,16,18,19�. In all cases
the response of the structure to an oscillating drive can be
used to study the dissipation due to the generation of turbu-
lence; in the case of an oscillating grid in 4He an attempt has
been made to observe the turbulence by its effect in trapping
negative ions; and in the case of 3He the generated turbu-
lence has been studied by Andreev scattering of quasiparti-
cles. These studies suffer from two shortcomings: the gener-
ated turbulence inevitably lacks the simple homogeneity
associated with a steadily moving grid; and comparisons*Electronic address: demetris.c@physics.org
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with classical analogs, which have been so important in stud-
ies of quantum turbulence at higher temperatures, are ham-
pered by the shortage of relevant experiments on oscillating
structures in classical fluids. Nevertheless, the results are
proving to be interesting, and certain unexpected patterns of
behavior are becoming apparent.

We ourselves have been concerned with the behavior of a
circular stretched grid oscillating in its lowest mode in su-
perfluid 4He �15,16�. As in other cases the motion of the grid
appeared to be essentially nondissipative at low amplitudes
of oscillation, with an onset of dissipation at a critical veloc-
ity amplitude �17�, which is typically about 50 mm s−1. At
high velocities the dissipative force appeared to be roughly
proportional to the square of the grid velocity, which is remi-
niscent of classical behavior observed in steady flow past an
obstacle at large Reynolds numbers �20�. At velocities below
that at which there is onset of dissipation there were
amplitude-dependent frequency shifts similar to those ob-
served in a nonlinear oscillator �21�, although behavior at
these lower velocities was to some extent history-dependent.
The shifts were to lower frequencies, by amounts much
larger than the natural linewidth of the resonance, so that
reentrant behavior was observed; and the shifts seem to set in
at a critical velocity that was typically a factor of 10 less than
that at which extra dissipation set in. Tentatively, we attrib-
uted these shifts to the nonlinear adiabatic response of loops
of quantized vortex line attached to the grid, this adiabatic
response giving rise to a nonlinear increase in the effective
mass of the grid �22�. The existence of such remanent vortex
loops is to be expected in superfluid 4He, and they must be
responsible for the �extrinsic� nucleation of turbulence that is
associated with the onset of turbulent dissipation �intrinsic
nucleation can occur only at much larger velocities�. The two
critical velocities �the “first and second thresholds”� de-
pended differently on pressure, only the lower value being
pressure-dependent.

These results were obtained with one particular grid. We
recognized that the form and behavior of the remanent vor-
tices might depend on the details of the surface roughness of
the grid. In this paper we report results with a different grid,
and we have included some study of the dependence not only
on pressure but also on temperature. The experimental setup
is briefly discussed in Sec. II but the reader is referred to �15�
for more details. In Sec. III we present the experimental re-
sults followed by a discussion in Sec. IV. We draw conclu-
sions in Sec. V.

A comparison of results obtained for our oscillating grids
with those reported for oscillating spheres and wires reveals
certain interesting similarities, in spite of the very different
geometries: in particular very similar critical velocities and
the existence of frequency shifts associated perhaps with en-
hanced effective masses. A full discussion of this comparison
will be the subject of a future paper.

II. EXPERIMENT

The experimental setup is essentially identical to that de-
scribed in Refs. �15,16�. The oscillating grid used in the mea-
surements presented here was of exactly the same starting

material, dimensions, and shape as the previous grid, but
with slightly different tension and amount of gold evaporated
on it. To the naked eye, the old grid appeared dull as com-
pared to the much glossier, golden, new one. Shown in Fig. 1
are electron micrographs of these grids, for comparison. It
can be seen that the surface quality of the two grids is simi-
lar, although the older grid appears to have a slightly finer
texture.

As before, the grid was driven electrostatically by biasing
it at a voltage of �usually� V0=536 V and applying to an
electrode placed 1 mm above the grid an oscillating voltage
V1�t�=V1

0 cos��t�, where V1
0�V0. Movement of the grid

leads to an oscillating voltage V2 induced in another elec-
trode located at a distance d=1 mm directly below the grid,
this voltage being measured with a Stanford Research SR-
830 lock-in voltage amplifier. If we assume that the grid
moves as a whole at right angles to its plane and use the fact
that the input impedance of this amplifier is very large, we
find that this voltage is given by V2=�V0�D /d, where �D is
the oscillation amplitude of the grid, and the factor �= �1
+ �Cc /C��−1�0.063 takes account of the stray capacitance Cc

in parallel with the electrode system and associated with the
cables and input to the amplifier. Details of the circuit are

FIG. 1. Electron micrographs of the gold-evaporated grid used
in Ref. �15� �top� and in the present measurements �bottom�.
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shown in Fig. 2. The lock-in amplifier measured the in-phase
�V1� and quandrature �V2� responses of the grid; resonance
curves reproduced later in this paper are plots of the ampli-
tude �V1

2+V2
2�1/2.

The maximum speed of the grid, v, may be estimated
roughly from the expression v=��D. However, a better es-
timate takes into account the shape and mode of oscillation
of the grid. The grid is circular, of radius R, and is driven in
its fundamental �0,1� mode, for which the displacement at
radius r is given by the zero-order Bessel function of the first
kind, J0��0r /R�, where �0�2.4048 is the first zero of J0�x�.
The average displacement, in this case, is simply �23�

�J0��0

R
r�	 


1

�R2�
0

2�

d��
0

R

drrJ0��0

R
r� =

2

�0
J1��0�

� 0.432.

Since J0�0�=1, the maximum speed of the grid, which is at
its center, may be estimated as �1/0.432����D�2.3
���D �15�.

III. EXPERIMENTAL RESULTS

A. Measurements in vacuo

The response of the grid was first measured in vacuo,
before the experimental cell had been filled with helium. In
order to minimize the risk of electrical breakdown, we ap-
plied in this case a relatively small bias to the grid �approxi-
mately 100 V�, and a drive voltage of 0.1 Volt peak-to-peak
�Vpp� to the upper electrode. Shown in Fig. 3 are a number
of resonance characteristics of the grid, obtained during cool-
ing from about 77 K to a base temperature, measured as
about 8 mK inside the mixing chamber of the dilution refrig-
erator. While cooling the grid in vacuo, we are unable to
obtain a reliable measure of its temperature because the ther-

mometers in the experimental cell are not then in good ther-
mal contact with the grid.

The resonance curves marked “initial” correspond to a
grid temperature close to 77 K. As the grid cools, its re-
sponse settled to the well-defined resonance curve marked
“final,” with a resonant frequency of 1036.9�1� Hz and a
quality factor Q�4000.

B. Measurements in He II: Zero temperature limit

Following these measurements in vacuo, the experimental
cell was filled with isotopically pure 4He �3He molar fraction
less than 10−13� and pressurized to 5 bar. The response of the
grid was then measured over a range of gradually increasing
drive voltages, starting with the lowest available value
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FIG. 2. Schematic circuit diagram indicating the various electrical connections to the experimental cell.
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FIG. 3. Resonance characteristics of the grid obtained in
vacuum during cooling from 77 K down to about 8 mK.
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�1 mVpp�, with typical results shown in Fig. 4�a�.
The resonance curves are approximately Lorentzian in

shape for low drive voltages, exhibiting a maximum at
997.90�5� Hz. However, the resonant frequency was found
to shift suddenly to 998.02�5� Hz when the drive voltage
reached 10 mVpp. Further shifts in resonant frequency, of
order ±0.1 Hz, were often seen in subsequent frequency
scans. In order to suppress such changes in resonant fre-
quency, the grid was “cleaned” before each new set of mea-
surements �whenever, for example, the pressure in the cell
was altered�: a drive voltage of 104 mVpp �the highest avail-
able� was applied for a few seconds, followed by a measure-
ment of the response at the lowest drive, until the latter re-
mained unchanged. As we discuss later, we associate sudden
changes in resonant frequency during the initial measure-
ments with rearrangements of the remanent vortices on the
grid, so that the “cleaning” procedure leads to a more stable
arrangement of these vortices �15�. The behavior of the grid
after “cleaning,” shown for a pressure of 5 bar in Fig. 4�b�,
will be referred to as regular behavior. It should be noted
that the initial �irregular� behavior appears to be more pro-
nounced at lower pressures. Figure 5 shows the regular reso-
nance characteristics, obtained at a pressure of 10 bar and
base temperature. Apart from a change in the resonant fre-
quency �due, at least partly, to the change in the density of
the liquid� these characteristics are very similar to those ob-
tained at the lower pressure. An interesting feature of the
data plotted in Fig. 5�b� is the existence of a small satellite
peak in the vicinity of the main resonance peak; we comment
on the origin of this parasitic resonance in Sec. IV. Similar
behavior was observed at lower �2 bar� and higher �15 bar�
pressures.

We see clearly in Figs. 4 and 5 that there is a sudden
increase in resonant linewidth when the drive exceeds about
20 mVpp �corresponding to a critical speed of �4 cm s−1�,
in that the resonance curves then become almost flat-topped.
We attribute this onset of extra dissipation due to vortex
creation, or dissipative vortex motion, and the associated
critical velocities are in agreement with those observed in
our earlier experiments. The fact that this onset of nonlinear
damping is not seen in the behavior of the grid when cold in
vacuo confirms our assumption that the effect is associated
with the helium and not with the grid itself or its supports.

C. Measurements in He II: Higher temperatures

The response of the vibrating grid was also measured as a
function of temperature, at a fixed pressure. Shown in Fig.
6�a� are the resonance characteristics corresponding to a
drive voltage of 10 mVpp, a pressure of 15 bar, and tempera-
tures up to about 1.2 K. Also shown �Fig. 6�b�� is the corre-
sponding variation of the resonance curve full width at half
maximum �FWHM� with temperature. For temperatures ex-
ceeding 600 mK, the resonance characteristics are distorted
by the parasitic resonance near 990 Hz. Hence the FWHM at
these temperatures was estimated by doubling the half width
at half maximum on the right of the resonance.

In Fig. 7�a� we show the response of the grid at resonance
as a function of the driving voltage, for temperatures in the

range from 350 mK to 1.37 K, at a pressure of 15 bar. The
onset of extra dissipation, to which we have already referred,
is marked by a sudden change in slope of these curves. The
curves can also exhibit an interesting hysterisis, as shown
most clearly for a temperature of 500 mK in the lower inset.
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FIG. 4. Initial resonance characteristics as a function of applied
driving voltage �a� obtained at a pressure of 5 bar, at base tempera-
ture. Shown in �b� are the corresponding resonance curves after the
grid was “cleaned” �see text�. Note that the resonance frequency of
the grid in He II is shifted relative to that in vacuo by �f0

�40 Hz.
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Note that the two “states” observed in this inset exhibit dif-
ferent damping, but in both cases the damping is linear with
respect to the applied driving force. No such hysteretic ef-
fects were seen in the regular characteristics of the grid at

lower temperatures. Hysteresis is also observed in the reso-
nance characteristics, as shown in Fig. 7�b�. This effect re-
quires further investigation. The critical grid velocity at
which extra dissipation appears, derived from the data in Fig.
7, is plotted as a function of temperature in Fig. 8.

IV. DISCUSSION

A. Initial vs regular behavior

As shown in Sec. III B, when the experimental cell is first
filled with liquid helium �or when the pressure in the cell is
changed�, the grid initially exhibits sudden changes in reso-
nant response, this behavior being more pronounced at very
low pressures. Similar effects were reported in our earlier
work �15�. We believe that this behavior, which might also
be called “virgin behavior,” is caused by rearrangement of
remanent vortex lines. Such lines might be generated during
filling of the experimental cell or simply be injected into the
cell from the filling capillaries during pressure changes �24�.
With the original grid, linewidths in the initial regime were
larger than those in the regular regime, but this was not the
case with the new grid.

After the cleaning procedure described in Sec. III B, the
behavior of the grid becomes regular: the resonance fre-
quency at the lowest drive �1 mVpp� remains constant within
0.01 Hz and the Q factor is of the order of 104. As mentioned
above and in earlier publications �15,16�, this “cleaning”
procedure is believed to lead to more stable arrangements of
remanent vortex lines. The discussion that follows relates
exclusively to the regular behavior.

B. Linear dissipation

In the presence of helium at the lowest temperatures, and
at small amplitudes of oscillation, the observed damping of
the grid is indistinguishable from that in vacuo. This residual
damping must be associated with losses in the grid itself and
in the grid mount, and we see that motion of the grid in the
helium is without any extra frictional drag. At higher tem-
peratures a linear damping appears, as shown in Fig. 6�b�.
This damping is due to an increasing fraction of thermally
excited quasiparticles, or normal fluid. At temperatures be-
low 1 K the mean free path of the quasiparticles is much
larger than the mesh of the grid, and the dissipative drag
arises from the ballistic scattering of the quasiparticles off
the grid. This type of behavior was reported by Jäger et al.
�6� for the case of an oscillating microsphere, and they
showed that it leads to a drag coefficient that increases
monotonically with temperature, in agreement with our own
results �28,29�. At temperatures above 1 K the mean free
path of the quasiparticles falls below the diameter of the
wires in the grid, so that the damping can then be described
in terms of a viscous drag. As in the measurements of Jäger
et al., this change leads to the maximum in the damping vs
temperature that we observe in Fig. 6�b�.

C. The onset of nonlinear dissipation

The sudden increase in linewidth that occurs when the
drive exceeds about 20 mVpp must presumably be associ-
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FIG. 5. �a� “Regular” resonance characteristics obtained at a
pressure of 10 bar and base temperature, as a function of the ap-
plied drive voltage. Shown in �b� are higher-drive characteristics,
plotted over a wider frequency range.
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ated with the dissipative motion of quantized vortices. This
motion might take the form of a turbulent wake behind the
grid, or it might, in principle, be associated with slippage in
the phase of the superfluid order parameter due to the motion
of vortex lines across the apertures in the grid. In the absence
of any probe of turbulence behind the grid, we cannot dis-
tinguish between these two possibilities, although it seems
reasonable to suppose that a turbulent wake must be involved
at the higher velocities. The temperature dependence of the

critical velocity associated with the extra dissipation is
shown in Fig. 8.

It is very interesting that critical velocities associated with
the vibration of a single wire �12–14� or with the oscillation
of a microsphere �6� are very similar in magnitude to those
shown in Fig. 8, and that, at least qualitatively, there is a
similar temperature dependence. This similarity exists in
spite of the very different geometries, and in the case of
wires it seems not to depend much on the surface roughness
of the wire, in spite of the fact that this roughness might be
expected to have a strong influence on any remanent vorti-
ces. We aim to return to a discussion of this potentially im-
portant similarity in a later paper.

D. Frequency shifts

In our Introduction we mentioned that in earlier experi-
ments �15,16� with our first grid an amplitude-dependent fre-
quency shift was observed at velocities below the critical
velocity at which there is an increase in damping, and that
this led to hysteretic “reentrant” resonance curves, character-
istic of a nonlinear oscillator. No such behavior has been
observed with the new grid, although small hysteretic effects
can be seen in Fig. 7.

The large hysterisis has been tentatively attributed to a
nonlinear adiabatic response of pinned remanent vortices to
the oscillating flow of the superfluid through the grid �22�.
Each pinned vortex must take the form of a vortex loop, each
end of which is attached to the grid. Let S�v� be the projec-
tion of the total area of these loops onto a plane perpendicu-
lar to the velocity of the grid; the area S�v� was supposed to
vary adiabatically with the average velocity v of the super-
fluid relative to the grid. Then it was shown �22� that the
effective mass of the grid is given by

Meff = M0 + Mpot + �	
dS

dv
, �1�

where M0 is the bare mass of the grid, and Mpot is the en-
hancement of its mass caused by potential flow through its
structure �this is the well-known enhancement, associated
with backflow, that occurs when a body moves through an
ideal fluid �20��. We have assumed that the temperature is
low, so that the superfluid density and the total density are
equal in the last term. We have also assumed that the grid has
adequate symmetry to ensure that its effective mass does not
need to be represented as a tensor. If the area S�v� is propor-
tional to v, the adiabatic response of the remanent vortices
leads to a constant enhancement of the effective mass, result-
ing in a constant shift in resonant frequency additional to that
due to backflow. The shift in frequency with amplitude was
supposed to result from a nonlinear dependence of S�v� on v.
If this is indeed the origin of the hysteretic resonance curves
with our first grid, we must assume that in the second grid
any remanent pinned vortices behave differently, for reasons
associated perhaps with the slightly different form of surface
roughness on the grid. But in reality we have no understand-
ing of the different behavior of the two grids, and it may be
due to some artifact of the old grid.
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FIG. 6. Shown in �a� is the resonant response of the grid for
various temperatures �200 mK to 1.25 K, top-to-bottom�, for a
drive voltage of 10 mVpp and a pressure of 15 bar. Graph �b�
shows the variation of the linewidth �FWHM� of the resonance
curves as a function of temperature. The values plotted with circle
��� markers were measured from the curves shown in the top
graph, while those plotted with cross ��� markers represent esti-
mates �see text�.

CHARALAMBOUS et al. PHYSICAL REVIEW E 74, 036307 �2006�

036307-6



There remains the possibility that with our second grid the
remanent pinned vortices lead to an area S�v� that remains
proportional to v, so leading to a constant frequency shift in
addition to that associated with potential flow �Mpot�. For
bodies of simple shape, the enhancement Mpot is easily cal-
culated �20�, but for a body with the shape of the grid this
calculation is hardly possible with significant accuracy. Thus
a comparison of the resonant frequencies with and without
helium will not allow a distinction to be made between the

effect of potential backflow and that of an S�v� that is pro-
portional to v.

In considering whether there exists any constant contribu-
tion to the effective mass of the grid from the adiabatic re-
sponse of the remanent vortices, we ask how the different
contributions to the effective mass vary with the density of
the helium and therefore with pressure �25�. The contribution
from potential backflow is clearly proportional to the density.
The density dependence of the term in S�v� is less clear. If
the detailed configuration of the remanent vortices were in-
dependent of density, then this last term would also be pro-
portional to the density. However, it is likely that the con-
figuration of remanent vortices is not independent of
pressure, in which case the two contributions to the effective
mass depend differently on density. We have tried to address
this issue by examining how the resonant frequency, f1���, of
the grid, at low drives, is observed to vary with density. If the
various contributions to the effective mass are proportional
to density, then the quantity 1 / f1

2 should be proportional to
the density. We see in Fig. 9 that this relationship appears not
to be obeyed; there appears to be a contribution to the effec-
tive mass that varies less strongly with density than that due
to potential backflow �see particularly the inset to Fig. 9�. We
have checked that this effect is not associated with any irre-
versible change or damage to the grid, during cooling or
during pressurization, by verifying that the resonant fre-
quency of the grid at room temperature has suffered no
change at the end of an experimental run. It should be noted,
however, that further measurements are required in order to
draw firm conclusions from the variation of resonance fre-
quency with density: for instance, the vacuum point �corre-
sponding to �=0� was measured by applying a lower bias
voltage to the grid ��100 V as opposed to 536 V used in He
II�, in order to avoid electrical breakdown in the cell when no
liquid helium is present. The resonance frequency of the grid
could, potentially, depend on the bias voltage although hav-
ing doubled the latter had no significant effect on the reso-
nance frequency of the grid. This type of measurement is
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FIG. 7. Shown in �a� is the variation of the response at reso-
nance as a function of the driving voltage, for a range of tempera-
tures at a pressure of 15 bar. The lower inset shows part of the
500 mK plot, exhibiting hysteresis. Hysteresis also appears on the
corresponding resonance characteristic, as shown in �b�. The upper
inset of �a� shows a closer view of the large drive region of the
graph for selected temperatures.
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potentially very interesting and will be further explored in
the future.

If there is indeed a contribution to the enhanced effective
mass of the grid that is not proportional to the density, it
might be due to the adiabatic response of remanent pinned
vortices, although it might be associated with some other, as
yet unknown, mechanism. It should also be recognized that,
if the grid is coupled to another oscillatory system in the
experimental cell, as we shall suggest in the next section as
an explanation of the satellite peaks shown in Fig. 5�b�, then
this coupling can lead to a shift in the resonant frequency of
the grid. Such a shift, depending on the density of the he-
lium, might possibly account for the results in Fig. 9, al-
though much further work would be required to establish
whether or not this is the case.

In experiments on vibrating wires, the geometry of the
wire is sufficiently simple to allow calculation of the effec-
tive mass enhancement due to potential backflow, so that
measurements of the resonant frequency in vacuo and in he-
lium at one pressure allows one to estimate rather easily the
mass enhancement due to other effects. Yano et al. �13� have
shown that such mass enhancements are observed and can be
surprisingly large. However, these enhancements seem to
vary with frequency and wire diameter in strange and per-
haps not reproducible ways �27�, and no enhancements have
been observed by Bradley et al. �14�, in spite of the fact that
their wires were much more rough than those used by Yano
et al. The experimental situation seems confusing, and fur-
ther experimental work is required.

E. Satellite peaks

We have already pointed out the presence of satellite
peaks in the resonance characteristics of the vibrating grid—

these can be clearly seen in Fig. 5�b� as well as in Fig. 6�a�.
It is highly unlikely that these peaks represent higher har-
monics of the grid, as these would correspond to resonance
frequencies which differ considerably from the observed
ones. It is possible, however, that the satellite peaks arise as
a result of coupling of the grid to another oscillator. Figure
10 illustrates a simple coupled oscillator model, where the
grid system is represented by a mass m1, connected to a
spring of spring constant k1 and to a dashpot, providing a
damping force of 
1ẋ1, where x1 is the displacement of m1
from its equilibrium position �the dot represents differentia-
tion with respect to time�. The grid is driven by an oscillating
force of the form f0e−i�t. This system is now linearly coupled
to another oscillator, with corresponding parameters m2 ,k2,
and 
2, the coupling provided by a spring of spring constant
k.

The equations of motion of the two masses are given by

m1ẍ1 + 
1ẋ1 + k1x1 + k�x1 − x2� = f0e−i�t,

m2ẍ2 + 
2ẋ2 + k2x2 + k�x2 − x1� = 0.

It is straightforward to show that the steady-state response X1
of mass m1 is given by

X1 =
f0�k + k2 − m2�2 − i�
2�

�k + k1 − m1�2 − i�
1��k + k2 − m2�2 − i�
2� − k2 .

Using the above expression, we managed to obtain very
good agreement between one of the measured resonance
characteristics of Fig. 5 �corresponding to 100 mVpp� and
X1, as can be seen from Fig. 11. The parameters which lead
to the theoretical curve of Fig. 11 are m1=1 ,m2
=0.1176,
1=0.25,
2=0.0176,k1=9.935�105 ,k2=1.149
�105 ,k=400, and f0=105. It can be seen that the coupling
produces a shift in the resonant frequency of the grid of
about 0.25 Hz; shifts of this magnitude would not be suffi-
cient to account for the behavior shown in Fig. 9. However,
other sets of parameters give equally good fits, and some of
these other sets give much larger shifts.

Therefore the simple one-dimensional model of Fig. 10 is
sufficient to reproduce all the characteristics of the satellite
peak, including its shape, location, and size, as well as those
of the main resonance peak �both in-phase and out-of-phase
components�. However, all one can conclude from this
model is that the satellite peaks are likely to arise from cou-
pling of the grid to another oscillator. These calculations do
not reveal what this other oscillator is �apart from providing
a possible set of parameters, such as effective mass, damp-
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FIG. 9. The measured resonant frequency of the grid as a func-
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density was extracted from the applied pressure using the data pro-
vided by Donnelly and Barenghi �26�. The dashed line is a straight-
line fit to the points excluding the one at zero density; the continu-
ous line is a similar fit taking into account all data points. The error
bars are too small to show on this scale.
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FIG. 10. A simple model comprising two, linearly coupled, har-
monic oscillators, used to reproduce the experimental data contain-
ing satellite resonance peaks—see text for more details.

CHARALAMBOUS et al. PHYSICAL REVIEW E 74, 036307 �2006�

036307-8



ing, etc.� and therefore further experimental tests are required
in order to determine its origin. One possibility is that the
oscillator is associated with an acoustic resonance in the ex-
perimental cell.

V. SUMMARY AND CONCLUSIONS

Our experimental results confirm various features ob-
served earlier by us with a grid vibrating in superfluid 4He at

a very low temperature. The new results are based on a grid
that differs a little from the old one in the details of its
surface roughness. The onset of dissipation at a critical ve-
locity of about 50 mm s−1, due presumably to vortex cre-
ation, is reproduced, but a dependence of the resonant fre-
quency on amplitude of vibration at velocities below
50 mm s−1 is not seen. This latter effect must have been as-
sociated with the different surface roughness of the grid or
was due to some unknown artifact of the old grid. The mea-
surements with the new grid extend our knowledge of the
damping of the grid at low velocities to higher temperatures,
where it is caused by thermal excitations in the helium, and
they allow us to measure the effect of temperature on the
supercritical damping. There is some evidence that the effec-
tive mass of the grid at low velocities is larger than would be
expected from potential flow, due perhaps to the adiabatic
response of vortex loops pinned to the grid.
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